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A Modified Form of the Coles
Compressibility Transformation

CONSTANTINO ECONOMOS*
General Applied Science Laboratories, Inc.,

Westbury, N. Y.

Nomenclature
= local skin-friction coefficients
= nondimensional transpiration rate — pwvw/peUe
= integral defined by [Eq. (7)]
= Reynolds number based on normal coordinates
= Reynolds number based on boundary-layer thicknesses
= Reynolds number based on momentum thicknesses
= streamwise velocity components
= normal velocity components
= streamwise coordinates
= normal coordinates
= Ry/Rs
= scaling parameters of the transformation
= shear stresses
= coefficients of laminar viscosity
= Coles wake parameter
= densities

= stream functions:

Cf,Cf
F
I
tiyjtliyRS,RS
Re,Re
u,u
v,v
x,x

n
p,p

= pwvw — pv
= pvw — pv

Subscripts
e = conditions external to boundary layer
w = conditions at the wall
( ) = variables of the VP flow
(-) = variables of the CP flow
( ~ ) = normalization with respect to corresponding external

value; e.g., u = u/ue

Introduction

NUMEROUS investigators1-2 have analyzed velocity pro-
files obtained in high-speed flows over impermeable

flat plates by means of the Coles compressibility transforma-
tion.3 In all cases it was found that the velocity defect por-
tion of the transformed profiles was not well correlated in the
sense that the flat plate value of the Coles wake parameter
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II was not recovered. A similar result was also observed
for the case of low-speed flow with foreign gas injection.4
These effects are demonstrated by some representative re-
sults presented in Fig. 1.

It has been suggested5'6 that this behavior may be caused by
the use of a Howarth-Dorodnytsin (HD) scaling throughout
the boundary layer and that such use may not be appropriate
in the wake region. The purpose of this Note is to outline
a modification of the original transformation which permits
suppression of the HD scaling, while retaining certain other
useful features of the transformation; e.g., detailed mapping
of the "law of the wall" region.

Modified Transformation
The modification introduces a new parameter x(y), such

that the y stretching takes the form

In order to preserve the original correspondence between the
axial velocity components given by u/ue = u/ue s=s u, it is
also necessary to modify the corresponding stretching for the
stream function according tof

= <r(x)x(y) (2)
The development from this point follows that of Coles.3
In particular, with the axial coordinates related by dx/dx =
£(#), the correspondence between velocity components be-
comes {

u = (T]/<T}U

pv =

(3)

(4)

while the convective term appearing in the x-wise momentum
equation transforms according to

pubufox H- pvdufoy = (pu&u/'bx + pvdu/dy) X
(p£Wp<72) + (p^/P^}®u/?>y}(W/<)x)t (5)

where, by virtue of Eq. (3), we have taken 77/0- = ue/ue =
const. Evidently, the first of these terms provides the
desired transport term corresponding to the constant prop-
erty (CP) flowfield, so that, in principle, transformation of
the differential equations describing the variable property
(VP) flow to a CP form can be completed by suitably com-
bining the second term with the shear derivatives dr/d?/ and

+0.5

Fig. 1 Magnitude of wake component found in several VP
boundary-layer configurations transformed according to
the Coles stretching: triangles, low-speed helium injec-
tion results7; circles, adiabatic impermeable results8;

squares, impermeable results with heat transfer.9

t In view of the manner in which the stream function has been
denned here, the earlier modification proposed in Ref. 4, to
account properly for wall mass transfer, is included herein.

J The development from this point is specialized to the case of
zero mass transfer and zero pressure gradient in both flows;
extension to these more general cases is straightforward but is
not included here for the sake of brevity.



DECEMBER 1970 TECHNICAL NOTES 2285

AMODIFIED STRETCHING
, I , '1*7 ?'f2> .

Fig. 2 Comparison of velocity profiles transformed
according to the Coles stretching and the modified stretch-
ing; high-speed flow over an adiabatic, impermeable flat

plate (Case 22, Ref. 8).

df/d?/. That is, if we let

(p&l*/f<r*)t>T/*y = Zr/<>y - (pWp<r2)(ta/dg)(50/daO* (6)
the desired form is obtained. Note, however, that this step
presupposes vanishing of the second term for large y (or y).
To complete the formulation, the conditions which assure
this behavior need to be established.

For this purpose, we begin with Eq. (2) and write for the CP
stream function

}

Then

= ($/a)(da/dx) - (v/u)

(7)

(8)
pu(dx/dy)dy

For most boundary-layer type flows, the term ij/du/dy can
be expected to vanish at large y. Accordingly, the simplest
condition§ that assures the desired behavior corresponds
to dx/dy ->• 0 for large y.

In addition to transforming the partial differential equa-
tions themselves, the stretching also provides correspondences
between the integral boundary-layer parameters in the two
flows. For the present purpose the pertinent results include
skin-friction coefficient

Cf = pwfiwaxwCf

Reynolds number based on y,y
C Ryv = I xpdRy

(9)

(10)
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Fig. 3 Comparison of velocity profiles transformed
according to the],Coles stretching and the modified stretch-
ing; low-speed flow over a porous cylinder with helium in-

jection (Run H-14, Ref. 7).

§ This is not a necessary condition, of course, but is sufficient
for the present purpose; as with Coles (cf. footnote on p. 9
of Ref. 3), the possibility of a less restrictive condition is not
investigated further.
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Fig. 4 Magnitude of wake component found in several VP
boundary-layer configurations transformed according to
the modified stretching: triangles low-speed helium
injection results7; circles, adiabatic impermeable results8;

squares, impermeable results with heat transfer.9

Reynolds number based on 0,0

Re/a- = Re + /

where

I =3 f
Ij o - l}pu(l - u)dRy

(11)

(12)

For x s=3 1, of course, these correspondences reduce to the
original ones obtained by Coles. Note also that for xw =
x(Q) = 1, the correspondence between skin-friction coeffi-
cients also retains its original form; however, the Re,Re,
correspondence does not, so that, e.g., the original "law of
corresponding stations" is not recovered.

Results

In order to examine its possible usefulness, this modifica-
tion has been implemented by utilizing an elementary
form for the scaling parameter x(y) in conjunction with a
Crocco integral energy solution. In particular, we take

«-1- /-(PW/P;
0 < a < 0.2
0.2 < a < 1

(13)

where, for numerical convenience, the scaling function x has
been expressed in terms of a normalized coordinate a in the
CP plane. Note that this form preserves the original
stretching in the vicinity of the wall and turns off the HD
stretch thereafter, i.e., the ^/-dependent quantity p/p is re-
placed by the constant p/pw in the outer region. In this
connection it is emphasized here that the cutoff value a =
0.2 is arbitrary but can be thought of as roughly correspond-
ing to the outer edge of the law of the wall region.

This particular modification has been applied to the ve-
locity profiles previously considered (cf., Fig. l),t and
typical results demonstrating the effect on the transformed
profiles are presented in Figs. 2 and 3. Figure 4 summarizes
all of these results and shows that the suggested modification
virtually eliminates the previously observed distortion. It
would appear that further exploitation of this approach is in
order with particular emphasis on development of a rational
and more physically meaningful basis for specification of the
scaling parameter x(y).
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Investigation of Turbulent Recovery
Factor in Hypersonic Helium Flow

DAVID H. RUDY* AND LEONARD M. WEINSTEIN*
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Nomenclature
Mach number
recovery factor (Taw - Te)/(T0 - Te)
Reynolds number
temperature

Subscripts
local conditions at edge of boundary layer
adiabatic wall
total
distance along plate from leading edge
virtual origin (at peak of recovery factor in transition

region)

AN accurate knowledge of the temperature recovery factor
is important in the reduction of wind-tunnel heat-

transfer measurements to coefficient form, especially when
those measurements are made at nearly adiabatic condi-
tions. Numerous experimental measurements of the re-
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Fig. 1 Lateral cut showing instrumentation for surface
temperature measurement (not to scale).
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Fig. 2 Recovery factor distribution for wedge model (Me
= 6.8, helium).

covery factor have been made for laminar, transitional, and
turbulent boundary layers in air for Mach numbers up to 5
(i.e., Refs. 1-9). A few measurements have also been made
between Mach 5 and 6.10~12 There has actually been no
pressing need for precise air recovery factor measurements
at Mach numbers above 5 because the total temperatures
necessary to avoid liquefaction of air at these high Mach
numbers place the usual wall temperatures far below the
adiabatic values. However, in helium wind tunnels, hyper-
sonic Mach numbers can be achieved without heating the
flow and therefore an accurate value of the recovery factor
is again needed for reduction of heat-transfer data. The
only recovery factor study previously conducted in helium
involved laminar and transitional flow at Mach 6.5.13 The
present investigation was therefore initiated to experimentally
obtain the turbulent recovery factor in hypersonic helium
flow.

The present measurements of turbulent recovery factor
were made in the Langley 22-in. Mach 20 helium tunnel using
a thin fiber glass plate mounted on a sharp leading edge
(0.002-in. thick), 10° half-angle wedge. The local Mach
number Mt on the 10° wedge was 6.8 with a negligible local
pressure gradient.

The model was designed so that the fiber glass surface would
be essentially insulated and thus, the equilibrium surface
temperature would be very nearly the adiabatic-wall tem-
perature. Longitudinal heat conduction was negligible
because of the small cross section and low conductivity of the
fiber glass plate. Calculations also indicated negligible error
as the result of radiation from the tunnel wall. To accurately
measure the surface temperature, the model was instru-
mented with thin wire (0.00014-in. diam) resistance thermom-
eters, the ends of which were copper-plated for attachment
to support pins, as shown in Fig. 1. A conservative analysis
indicated that conduction through the steel support pins had
only a slight (less than 0.1 °R) effect on the wire temperature.
Therefore, the wires were assumed to be correctly measuring
the surface temperature. During the last half of the 93-sec
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Fig. 3 Variation of turbulent recovery factor with
Reynolds number based on distance from recovery factor

peak in transition region.


